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The material of this presentation is essentially part of the papers [38], [34], jointly with G. Valla,
University of Genoa (Italy), and [39], [40] jointly with L. Sharifan, University of Teheran (Iran).
We refer to these papers for more details and complete proofs.

We present here several examples, all performed using CoCoA [5].

1 Results, examples and problems on the Hilbert functions
of local rings

We start the presentation with an overview on some classical problems on the Hilbert Functions in
order to guide the reader in a possible route through this area of dynamic mathematical activity.
First we present a list of problems in the specific case of the m-adic filtration on a Cohen-Macaulay
local ring because also in this case too many interesting questions are still open. Later we will
extend the definitions to the more general setting of filtrations on a module.

Let (A,m,k) be a Noetherian local ring with maximal ideal m and infinite residue field k.
Denote by u( ) the minimal number of generators of an ideal of A. The Hilbert function of A is,
by definition

HFE4(n) := dimp m™/m™ ™! = p(m™)

for every n > 0. Hence HF, is the Hilbert function of the homogeneous k-standard algebra

gTm (A) = @nzomn/m"“

which is the associated graded ring of m. The graded algebra gry,(A) corresponds to a relevant
geometric construction and it has been studied extensively. Namely, if A is the localization at the
origin of the coordinate ring of an affine variety V' passing through 0, then gry, (A) is the coordinate
ring of the tangent cone of V, which is the cone composed of all lines that are limiting positions
of secant lines to V' in 0. The Proj of this algebra can also be seen as the exceptional set of the
blowing-up of V in 0.

The problems that I shall present here can be rephrased and extended to a related graded
k-standard algebra defined starting from any ideal I of A, the Fiber Cone of

Fu(I) := Gpsol™ fml®



whose Hilbert function H Fg, (1y(n) = p(I™) controls the number of generators of the powers of 1.

By the Hilbert-Serre Theorem, the generating function of HFy4 is a power series HS4(z) =
> n>0 HFa(n)z" which can be written as

HSa(2) = m

where h4(z) is a polynomial with integer coefficients such that h4(1) # 0 and d is the Krull dimen-
sion of A. For n > 0 HF 4(n) agrees with a polynomial HP4(X) which has rational coefficients
and degree d — 1 and it is called the Hilbert polynomial of A. We can write

d—1 )
; X+d—i-1
HPs(X) = —1)%; .
1) = 3w )
The integers eg(m), e (m), ..., eq—1(m) are uniquely determined by m and are known as the Hilbert
coefficients. In particular eg is the multiplicity of A. Classically a related polynomial has been
introduced, the Hilbert-Samuel polynomial, that is A(A/m"*1) for n > 0. It is denoted by H P} (X)
and
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If there is not confusion, we simply write e; instead of e;(m). We can prove that for every ¢ > 0
_ AR
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where 0! = 1 and h'Y (1) = ha(1).

In the case of a k-standard graded algebra, the Hilbert function is well understood, at least in
the Cohen-Macaulay case. Instead, very little is known in the local case.

A result by Srinivas and Trivedi (see [47] and also [41]) says that the number of Hilbert
functions of a Cohen-Macaulay local rings with fixed dimension and multiplicity is finite, but the
problem concerning the characterization of the numerical functions which are admissible for a
Cohen-Macaulay local ring is widely open.

Due to this lack of information, a long list of papers have been written on the problem to find
constraints on the possible Hilbert functions of a Cohen-Macaulay local ring.

Assume (A, m) be Cohen-Macaulay local ring of dimension one of given embedding dimension
(= dimg m/m?). J. Elias (see [9]) characterized the Hilbert-Samuel polynomials H P} (X) = eg(X +
1)—e; of A. Tt is clear that this result gives some information on the Hilbert functions. For example

it says that HS(z) = HlZ:ZZQ is an admissible Hilbert series for a k-standard algebra of dimension
one, but it not the Hilbert series of a 1-dimensional Cohen-Macaulay local ring.

But the following problem is still open, even if we consider dim A = 1.

PROBLEM 1. Characterize the possible Hilbert functions of a Cohen-Macaulay local
ring of dimension one.

The question has a clear geometric meaning related to the singularities of the affine curves
which are arithmetically Cohen-Macaulay. From the algebraic point of view, the problem mainly
comes from the fact that the Cohen-Macaulyness of A (resp. Gorenstein, domain, ...) does not
imply grm(A) is Cohen-Macaulay (resp. Gorenstein, domain, ...).

Example 1.1. Consider the power series A = k[[t*,t°,¢11]]. This is a one-dimensional local domain
and its associated graded ring is

grm(A) = klz,y, 2]/ (22,92, 2%, y*)



which is not Cohen-Macaulay and the Hilbert series of A is

1422+ 23
HSp(2) = —5——

In fact A = k[[z,vy, 2]]/I where I = (2* — yz,y> — 2z, 22 — 23y?) and hence grn(A) = klz,y, 2]/I*
where I* = (z2,yz,2%,y*) is the ideal generated by the initial forms of the elements of I. In this
case dimA = dim gry(A) = 1, but depth gry(A4) = 0.

Here if a € A is a non-zero element and n is the greatest integer such that a € m™ we let

a*:=acm”/m"!

and call it the initial form of a in gr, (A).
The problem is still open if we concentrate our interest to the complete intersections.

Example 1.2. Consider the coordinate ring A of the monomial curve parametrized by (5,7, 1%).
The 1-dimensional local domain A is a complete intersection. In fact A = k[[z,y, 2]]/I where
I = (y3—x2,2% — 2%). Since I* = (22, 2%,9y32,9%), one has

1+22+ 22+ 23425
HSA(Z)Z 1-2 .

In this case the associated graded ring is not Cohen-Macaulay. Notice that in the graded case the
Hilbert function of a complete intersection is always symmetric, it is no longer true in the local
case. The point is that even if A is Gorenstein, the associated graded ring can lose this property.

We say that the Hilbert function of A is not decreasing if
HFA(n+ 1) > HFA(TL)

for every n. Obviously the property is verified if gry,(A4) is Cohen-Macaulay, but this is not a
necessary requirement (see Examples 1.1 and 1.2). Unfortunately in the Cohen-Macaulay local
case it can happen that HF4(2) = pu(m?) < HFA(1) = u(m). The first 1-dimensional examples
were given by Herzog and Waldi in 1975, by Eakin and Sataye in 1976. As far as I know, Molinelli
and Tamone in 1999 gave the following example which has multiplicity and embedding dimension
smaller than the previous examples. It is enough to consider

A= k[[tlg, t19’ t24, t44, t49, t54, t55, t59, t60, tGGH.

In this case HF4(2) =9 < HF4(1) = 10. It would be interesting to notice that the Hilbert function
is not decreasing if the multiplicity is smaller than p(m) — d + 4 and, in this case, the multiplicity
of Ais p(m) —d+4 = 13. In 1980 Orecchia proved that, for all b > 5, there exists a reduced
one-dimensional local ring of embedding dimension b and decreasing Hilbert function. Finally
P. Roberts in 1982 built ordinary singularities with decreasing Hilbert function and embedding
dimension at least 7.

J. Elias (see [10]) gave a positive answer to a problem stated by J. Sally by proving that the
Hilbert function of a Cohen-Macaulay local ring of dimension one and embedding dimension at
most three is not decreasing.

Several computations leads us to think that these pathologies do not appear if the local ring is
Gorenstein. Then we ask the following question:

PROBLEM 2. Is the Hilbert function of a Gorenstein local ring of dimension one not
decreasing?



Very partial results have been proved in the case of a complete intersection. T. Puthenpurakal
gave a positive answer if A = k[[z,y, z,w]]/I where I is generated by a regular sequence of height
at most three.

Interesting problems also come from the Artinian case, under the assumption that A is Goren-
stein or, more in general, level.

Tarrobino (see [25]) proved a necessary (not sufficient) constraint on a numerical function for
being the Hilbert function of a Gorenstein Artinian local ring, but a complete characterization
for this class of rings is still an open problem, except for the case of codimension two.

In fact if we consider an Artinian local ring A = k[[z,y]]/I with Hilbert function HF =
{(1,2, ha,...,hs)}, Macaulay, by using the device of the inverse system, proved that if I = (f, g)
is a complete intersection, then

|hl - hi+1| < 1 for all 1. (2)

In 1978 S.C. Kothari answered several questions raised by Abhyankar concerning the Hilbert func-
tion of a pair of plane curves and he proved the same result by studying the complicate structure
of I'*. Starting from the same point of view, recently S. Goto, W. Heinzer and M-K. Kim examined
the ideal I* of a complete intersection of height two and they reproved Macaulay’s result. Sev-
eral authors studied the variety parametrizing all height two ideals with a fixed Hilbert function,
among others J. Briancon, A. Tarrobino, Yameogo and Gottsche. In particular J. Briancon and A.
Tarrobino proved that (2) gives a complete characterization of the Hilbert functions of a Gorenstein
Artinian local ring of codimension two (complete intersections) and recently V. Bertella extended
the result to the Level Artinian rings.

In the last section we will present a short proof of Briancon-Iarrobino’s result as a consequence
of a different approach. In codimension three, we can state the following problem:

PROBLEM 3. Characterize the Hilbert functions of the Artinian local ring A =
kl[x,y, z]]/I where I = (Fy, F5, F5) is generated by a regular sequence.

We will see that, for example, {(1,3,4,4,1,1,1)} is not the Hilbert function of a Gorenstein
Artinian local ring. Partial results will be presented later.

Due to the pioneering work by Northcott (see [28]) in the 60’s, several efforts have been made to
better understand the Hilbert function of a Cohen-Macaulay local ring, also in relation with the
Hilbert coefficients (asymptotic information) and the homological invariants of the corresponding
tangent cone. J. Sally carried on Northcott’s work (see [42], [43]) by proving interesting results and
asking as well as challenging questions. Several improvements along this line has been proved in the
last years (J.Elias, C. Huneke, S.Itoh, A. Ooishi, G. Valla, W. Vasconcelos, ...), often extending
the framework to the Hilbert functions associated to an m-primary ideal or, more in general, to a
filtration.

The first Hilbert coefficient, eg(m) or simply e, is the multiplicity and, due to its geometric
meaning, has been studied very deeply. The other coefficients are not as well understood, either
geometrically or in terms of how they are related to algebraic properties of the ideal or the ring.
Northcott proved that, if (A, m) is a Cohen-Macaulay local ring, then

e; > e—1.
Thus, for example, the series Hz:zQ cannot be the Hilbert series of a Cohen-Macaulay local ring
of dimension one because e; = 0, while ¢ = 2. On the other hand, the above series is not admissible
for a local Cohen-Macaulay local ring also because does not verify Abhyankar’s bound. Abhyankar
(see [1]) proved that if A is Cohen-Macaulay

e>h+1



where h = p(m) — d is the so-called embedding codimension of A (h > 0 and h = 0 if and only A
is regular). In particular
e=h+1+A(m?/Jm) (3)

for every minimal reduction J of m. D.G. Northcott and J. Sally studied the minimal values of e
and e; in terms of these invariants. We have

1+ hz
(1= 2)d

for every minimal reduction J of m. If this is the case grm(A) is Cohen-Macaulay.
These results can be easily proved by using the device of the superficial elements (see Section 2).
S. Goto and K. Nishida (see [15]) have been able to extend Northcott’s bound to the case of an m-
primary ideal, avoiding the assumption that the ring is Cohen-Macayulay.

On the base of this result, A. Corso (see [5]) can handle in this wild generality a stronger upper
bound for e; proved by J. Elias and G. Valla (see [11]) in the Cohen-Macaulay case.

e=h+1 <= e;=e—1 < HS,= — m?=Jm (4)

The integer, e1, has been recently interpreted by C. Polini, B. Ulrich and W. Vasconcelos as a
tracking number of the Rees algebra of A in the set of all such algebras with the same multiplicity.
Under various circumstances, it is also called the Chern number or coefficient of the local ring A.
An interesting list of questions and conjectural statements about the values of e; for filtrations
associated to an m-primary ideal of a local ring A have been presented in a paper by W. Vasconcelos
(see [51]). Relevant improvements have been recently proved by S. Goto, L. Ghezzi, J. Hong, K.
Ozeky, T.T. Phuong and W. Vasconcelos (see [13]).

In 1983 J. Sally (see [43]) conjectured that

1+h s
e=h+2 = HSA(z):%;)_Z

for some integer 2 < s < e — 1. Sally proved it in dimension one and, for every integer s, she gave
an example:
Ay = K[[te et et 2]

Ay = k[[te, ¢t gotstl qotst2 0 p2eml y2e43 420 44 12°T8]], 3<s<e—2
Ae—l — k‘[[t2 te+1 t2e+3 t2e+4 t3efl]].

After 13 years G. Valla and M.E. Rossi solved the conjecture (see [34]). Their proof deeply
involved the use of the Rattlif-Rush filtration. H.S. Wang presented a different proof in [53] which
involves a technical study of graded diagonals of the Sally module. Sally’s conjecture can be proved
by reducing the problem to dimension two. While the proof in the one-dimensional case is quite
easy, the proof in dimension two is very complicated. Several authors generalized the result to a
more general setting (S. Huckaba, A. Corso, C. Polini and M. Vaz Pinto, J. Elias, M.E. Rossi and
G. Valla) but always using the devices of the original proof of G. Valla and M.E. Rossi.

If e=h+ 3 and A is Gorenstein, J. Sally proved that

1+hz+2%2+23
B

and gry,(A) is Cohen-Macaulay.

G. Valla and M.E. Rossi characterized the admissible Hilbert functions for a one-dimensional
Cohen-Macaulay ring with multiplicity e = h 4+ 3 (see [36]). Moreover they reproved Sally’s result
and they showed that

1 h t s
T<h:>HSA(Z):—+(f+Z)d+Z where 2 <t<s<e-—1
-z



where 7 is the Cohen-Macaulay type of A. If this is the case depthgry,(A) > d — 1.

The following example given by H.S. Wang shows that the above result on the depth of gry,(A)
is no longer true if 7 is almost maximal, i.e. 7=h,h+1 (7 < h+1).

Example 1.3. Let (A, m) be the two dimensional local Cohen-Macaulay ring
E[z,y,t,u,v] /(2 tu, tv, uv, yt — u®, xt —v*),

Let m be the maximal ideal of A. One has e = h + 3 = 6, the associated graded ring gr,, (A) has
depth zero and

1+32+323 - 24
HSa(z) = (1—2)?

In the previous example depth grm(A) = d —2 = 0. On the analogy with the previous case
(e = h + 2), it is natural the following problem:

PROBLEM 4. Let A be a Cohen-Macaulay local ring with e = h + 3. Is depth gry,(4) >
d—27

In the classical case of a Cohen-Macaulay local ring A, as far as the higher Hilbert coefficients
are concerned, it is a result of M. Narita (see [27]) and J. Sally (see [44]) that

es>e1—e+1>0. (5)

If e5 = 0, Narita proved that gry (A) is Cohen-Macaulay and, for large n, m™ has reduction number
one. Unfortunately if the first equality holds, we cannot deduce that the associated graded ring is
Cohen-Macaulay or of almost maximal depth. In Example 1.3, A is a Cohen-Macaulay local ring
of dimension 2, e; = e; — e + 1, but depth gry,(A4) = 0. In general, it seems that the the normality
of the ideal m yields non trivial consequences on the Hilbert coefficients of A and, ultimately, on
depth gr,,,(A) and the Hilbert function A. Corso, C. Polini and M.E. Rossi in [6] proved that

1+h —h—1)22
mnormal, e =e; —e+1 = HS4(z) = + z—(l—l(e T ) and m® = Jm?
—z

for every minimal reduction J of m and hence gry(A) is Cohen-Macaulay. This result gave a
positive answer to a question raised by G. Valla in [50]. The key point is a theorem by Itoh on the
normalized Hilbert coefficients of ideals generated by a system of parameters.

On the analogy of the extension of Northcott’s result (due to S. Goto and K. Nishida), it would
be interesting to introduce a correction term for ey in order to extend (5) to any local ring, not
necessarily Cohen-Macaulay.

Unfortunately, the positivity of the Hilbert coefficients stops with es. Indeed, M. Narita showed
that e3 can be negative (see also Example 1.3). However, a remarkable result of S. Itoh says that
ez > 0 provided m is normal (see [26]). If the equality holds, then gry(A) is Cohen-Macaulay. A
nice proof of this result was also given by S. Huckaba and C. Huneke. We do not know if Itoh’s
result holds if we consider the g-adic filtration where ¢ is an m-primary ideal. As far I know there
are not negative answers to the following natural question.

PROBLEM 5. Does m normal imply e; > 0 for every i 7

The previous problem is related to the asymptotic behavior of the associated graded ring of the
powers of the maximal ideal and it has some relation with the Grauert-Riemenschneider vanishing
theorem.



Another relevant interest goes toward the study of the reduction number. As we can realize in
(3) and (4), there is a relationship between Hilbert functions and minimal reductions. Let J be a
minimal reduction of m, we recall that the reduction number w.r.t. J is defined by

rym) :=min{r c N : m""!' =Jm"}

We can easily prove that if ;(m) < 2 for some minimal reduction J, then the Hilbert function is

known " ( L )2
l1+hz+(e—h—-1)z
HSA(Z)Z (1—Z)d

Also the converse holds, that is the shape of the previous Hilbert series forces r;(m) < 2 for every
J and hence gry(A) to be Cohen-Macaulay. This had been proved by J. Elias and G. Valla in [11].

If dim A = 1, or more in general if depth gryn(A) > d—1, then r;(m) < e —1 for every minimal
reduction J.

If dim A <2, or more in general if depth gry,(A4) > d — 2, M.E. Rossi in [35] proved that
rym)<e —e+2

It is natural to wonder if, given a Cohen-Macaulay local ring (A, m) of dimension d, does exist a
linear function f(eg,e1,...,e4—1,d) and a minimal reduction J such that

T.](m) S f(€0,61, o '7ed717d)'

The study of the reduction number w.r.t. a minimal reduction J, led W. Vasconcelos to enlarge the
list of the blowup algebras by introducing the Sally module S;(m) = @m"*!/J"m. Some results
on the Sally module will be presented in Section 3.

2 Basic facts and bounds on the first Hilbert coefficient of
filtered modules

We remark that the graded algebra gry(A) can also be seen as the graded algebra associated to
a filtration of the ring itself, namely the m-adic filtration {m’},;>0. This gives an indication of a
possible natural extension of the theory to general filtrations of a finite module over the local ring
(A, m). The extension of the classical theory to general filtrations of a module, besides an intrinsic
interest, has one more relevant motivation. In the next section we will show as the theory of the
Hilbert function of filtered modules provides results on blowing-up algebras, as the Fiber Cone and
the Sally module, without further efforts.

We shall present some basic facts, in particular the notion of superficial element will be a
fundamental tool in our approach. The definition was given in Zariski- Samuel, pg.285 where it
is shown how to use this concept for devising proofs by induction on the dimension. We will care
only of the purely algebraic meaning of this notion, even if superficial elements play a relevant role
also in Singularity theory, as shown by Bondil and Le Dung Trang (see [2]).

We will show how this approach works in proving suitable extensions of two classical bounds
on the first Hilbert coefficient: the lower bound by Northcott and an upper bound by Huckaba, see
[28], [21]. We refer to [38] for further results on Hilbert coefficients, always by using this approach.

Let A be a commutative noetherian local ring with maximal ideal m and let M be a finitely
generated A-module. Let q be an ideal of A; a g-filtration M of M is a collection of submodules
M; such that

M=My2M 2 2M;2.



with the property that qM; C M;; for j > 0. We consider a good q-filtration of M. This means
that M;41 = qM; for all large j. A good g-filtration is also called a stable q-filtration.
For example, the g—adic filtration on M defined by M; := g7 M is clearly a good g-filtration.

Several problems we have discussed in Section 1. can be properly rephrased in this general
setting, replacing A by M, the m-adic filtration {m’/} by {M;} a good g-filtration on M.

If N is a submodule of M, it is clear that {(N + M;)/N};>0 is a good g-filtration of M/N
which we denote by M/N.

Given the good g-filtration M on M we let grq(A) := @;j>007 /¢7 L, gra(M) := @0 M, /Mjt1.
We know that gry(M) is a graded grq(A)-module; further each element a € A has a natural image
a* in grq(A) whichis 0 if a =0, is a* =a € q'/q"™! if a € g \ q' .

From now on we shall require the assumption that the length of M/qM, which we denote by
A(M/qM), is finite. In this case there exists an integer s such that m*M C (q+ (0 :4 M))M, hence
the ideal q + (0 :4 M) is primary for the maximal ideal m. Also the length of M/M; is finite for
all j > 0. In this setting the Hilbert function of the filtration M is the numerical function

HFy(j) == AM;/Mj41).

As in Section 1. we denote by e;(M) the Hilbert coefficients of M coming from the corresponding
Hilbert polynomial H Py (X). We denote by HSy(z) the Hilbert series.
The Hilbert coefficient eg is the multiplicity of M; we know that (see Bruns-Herzog’s book,
Proposition 11.4)
eo(M) = eo(N) (6)

for every couple of good g-filtrations. Also, if M is Artinian, then eo(M) = A(M).
If we consider the classical g-adic filtration on A, we will denote the Hilbert coefficients by e;(q).

We recall the main tools we will use later:

e Valabrega-Valla criterion: given the ideal I = (ay,...,a,) in A with a; € q\ q2, the elements
ai,...,a’ form a regular sequence on gry (M) if and only if they form a regular sequence on M
and IM N M; = IM;_; for every j > 1.

o M-superficial elements: an element a € q is called M-superficial for q if there exists a non-
negative integer ¢ such that

(Mj+1 M a) NM, = Mj

for every j > c. If we assume that M has positive dimension, then every superficial element a for
q has order one, that is a € q\ 2. Further, since we are assuming that the residue field A/m is
infinite, it is well known that superficial elements do exist. Moreover, if ¢ is m-primary, then any
superficial element a € q \ qm, hence it is part of a minimal system of generators of q.

The obstacle to finding superficial sequences is that one needs to check the previous relations
for all large n. We can circumvent this by using the equivalent notion of filter-regular sequence in
gryvi(M). In particular an element a € q is M-superficial for q if and only if a € q \ g° and a* is a
filter regular element on gry(M).

We present useful properties of the superficial elements. In the following let a be an M-
superficial element for q and let d be the dimension of M. We have

a) dim(M/aM)=d -1

b) a M-regular <= depth M >0
c)j>1,depth M/aM > j <= depth M >j+1
d) a* gry(M)-regular <= depth gry(M) >0



e) Sally’s machine:  depth gry/aa(M/aM) > 1 <= depth gry(M) > 2
f) e;(M) = e;(M/aM) for every j =0,...,d —2
g) eq_1(M/aM) = eq_1 (M) + (—=1)=I\(0 :7s a)

HSyyam (2

h) a* is a regular element on gry (M) if and only if HSy(z) = - ) if and only if a is

M-regular and eq(M) = eg(M/aM)

Assume depth M > 0, then a € q is M-superficial for q if and only if e;(M) = e;(M/aM) for every
j=0,....d—1.

The above properties can be easily proved by the definition of superficial element and by the
following result. It is the so called Singh’s formula because the corresponding equality in the
classical case was obtained by B.Singh (see [46]).

Lemma 2.1. Let a € q; then for every j7 > 0 we have

HFy(j) = HFyjaar(n) = MM;41 : a/M;).

n=0

It is a nice consequence of this module-theoretic approach to remark that if Ml and N are two
g-filtrations on the same module M, then there exists an element a € q which is superficial for
both.

In fact it is enough to consider the filtered module M @& M endowed with the g-filtration M@ N
and to remark that a is superficial for this filtration if and only if a is superficial for both M and N
(this remark is due to D. Conti). As a consequence we deduce that, if the residue field is infinite,
we can always find an element a € q which is superficial for a finite number of g-filtrations on M.

Assume dim M > 2, by using f), g) and the above fact, we can easily prove that if M and N
are two g-filtrations on the same module M, there exists an element a € q superficial for M and N
such that:

e1(M) — e1(N) =e;(M/aM) — e (N/aM) (7)

The above property will be useful for proving results on e; by induction on the dimension of M.

Assume dim M = d > 0 and denote by H2(M) the 0—th local cohomology with respect
to the maximal ideal m of A. An usual trick in reducing the problems to positive depth is the
following. Given a good g-filtration M = {M,, },,>¢ of the d-dimensional module M, we introduce
the corresponding filtration of the satureted module M*** = M/HO (M) and we denote

Mt == M/Hg (M) = {M,, + Hy(M)/H3\(M)}n>o.

In particular M*? is a good g-filtration and eo(M*?*) = eq(M). If a € q is an M-superficial element
for q, then a € q is an M**-superficial element for q.
We can relate the Hilbert coefficients of the filtrations M and M®%¢,

Proposition 2.2. Let M be a good q-filtration of the module M and W := HO(M). Then

ei(M) = e;(M**) 0<i<d-1, ea(M) = eq(M**) + (=1)A(W),
A sequence of elements aq,...,a, will be called a M-superficial sequence for q if for every j =
1,...,r the element a; is an (M/(a1,...,a;j—1)M)-superficial element for q.
Let aq,...,aq an M-superficial sequence for ¢, then
My = JM, for n > 0. (8)



where J = (ay,...,aq). In particular M is also a good J-filtration. The above equality says that J
is a M-reduction of q.

If g is m-primary and the residue field is infinite, there is a complete correspondence between
maximal M-superficial sequences for g and minimal M-reductions of q (see for example [23]). Every
minimal M-reduction J of q can be generated by a maximal M-superficial sequence, conversely the
ideal generated by a maximal M-superficial sequence is a minimal M-reduction of g.

Notice that if q = (27, 2%y, 23y*, 229, 47) in k[[z,]], then J = (27, y") is a minimal reduction
of q, but {z7,%7} is not a superficial sequence. We can verify that {z7 + y”,47} is a superficial
sequence for q.

Given a good g-filtration M of the module M of dimension d, let aq,...,aq be an M-superficial
sequence for q. We denote by J the ideal they generate and consider the J-adic filtration of the
module M. This is by definition the filtration

N = {JM};30
which is clearly a good J-filtration. By (8) M is also a good J-filtration, so that, by (6), eo(M) =
€0 (N)
In the case M is Cohen-Macaulay, the elements ay,...,aq form a regular sequence on M so

that JIM/JHIM ~ (M/JM) (") implies that the Hilbert Series of N is HSy(z) = %

and thus e;(N) = 0 for every ¢ > 1. This proves that these integers give a good measure of how M
differs from being Cohen-Macaulay. In the case M = A, Vasconcelos conjectured that if A is not
Cohen-Macaulay, then e (J) < 0 for large classes of local rings.

The integer e (J) is exactly the correction term that S. Goto and K. Nishida introduced in [15]
getting free of the Cohen-Macaulyness of A.

If M is a generalized Cohen-Macaulay module of dimension > 2, then

A1 0 5 _
at = -3 (7 7) o)
i=1
with equality if M is Buchsbaum. This is due to Stuckrad and Vogel. S. Goto and K. Nishida
proved the following result (see [15]).

Lemma 2.3. Let M be a finitely generated A-module of dimension one and let a be a parameter
for M. Then for every t >> 0 we have HO(M) = 0 :pr a' and, if we denote by N the (a)-adic
filtration on M, N(H),(M)) = —e;(N).

Proof. Since there is an integer j such that myM C aM = ((a) +0: M)M, the ideal (a) +0: M
is m-primary and therefore m® C (a) + 0 : M for some s; this implies

m® C(a)'+0: M
for every t. On the other hand, W = 0 :3; m? for every integer ¢ >> 0, so that
W=0:pm C0:pra COpym® =W.

We denote by N the (a™)-adic filtration on M. Now for n > 0, it is easy to see that ney(N) =
eo(N™) = MM /a™ M) — X0 :ps a™) and the result follows because A(M/a™ M) = neo(N) — e1(N).
O
By using the previous fact we can prove the following results:
Theorem 2.4. Let M be a good q-filtration of a module M of dimension d and let J be an ideal

generated by a mazimal sequence of M-superficial elements for q; then we have

e1(M) — e1(N) < Y A(Mj41/TM;).
320
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In the classical case, when M = A is Cohen-Macaulay and M = {g’}, the above inequality
is due to S. Huckaba (see [21]). He also proved that equality holds if and only if the associated
graded ring has depth at least d — 1. We will extend this result in Theorem 2.10.

By using the same strategy we improve Northcott’s inequalty for filtrations on a module
which is not necessarily Cohen-Macaulay.

Theorem 2.5. Let M = {M,};>0 be a good q-filtration of a module M of dimension d and let J
be an ideal generated by a mazimal M-superficial sequence for q. For every integer s > 1 we have

e1(M) — e1(N) > se0(M) — A(M/Ms_1) — N(M/M, + JM).

Remark 2.6. Let us apply the above theorem in the very particular case when M; = ¢’ for every
j >0 and q is a primary ideal of A.

o s=1
e1(q) —e1(J) = eo(q) — AM(A/q)

which is exactly a result proved by S. Goto and K. Nishida. If A is Cohen-Macaulay, then we get
Northcott’s bound e;(q) > eg(q) — A(A/q). Moreover if ¢ = m then we have ej(m) > ep(m) — 1
already discussed in the previous section.

o s5=2

e1(q) — e1(J) > 2eo(q) — A(A/a) — M(A/g® + ).

This is a result recently proved by A. Corso (see [5]) and, if A is Cohen-Macaulay, by J. Elias and
G. Valla (see [11]).

The good behaviour of the superficial elements leads us to prove Theorems 2.4 and 2.5 by
induction on the dimension of M. It will be useful to remark that, since M and N are good J-
filtrations, we may find aq,...,aq—1 in J superficial for both filtrations. Hence, by (7), we get

e1M) —e;(N) = ey (M/(a,...,a5-1)M) —e1(N/(a1,...,aq-1)M).

Now M/(as,...,aq—1)M is a 1-dimensional module. For this reason we need an ad hoc treat-
ment of the one dimensional case.

Assume dim M = 1, then the module M/HY (M) is Cohen-Macaulay and, by Lemma 2.3 and
Proposition 2.2, we have
e1(M) — e1(N) = ey (M) (9)
where N is the (a)-adic filtration on M for any M-superficial element a for q. The above equality
reduces the problem to a Cohen-Macaulay module of dimension one.

Let M be a Cohen-Macaulay module of dimension one endowed with the good g-
filtration M. We know that, in this case, for large n we have eq(M) = H Fy(n) = M(M/aM) where
a is an M-superficial element for ¢. Let 7 > 0, from the diagram

M D Mj+1
U U
aM D abMl;
we deduce
HFy(j) = eo(M) — v;(M) (10)

11



where v;(M) = AN(M,;4+1/aM;). It is clear that v;(M) = 0 for j > 0. Starting from (10), we can
compute the Hilbert series of M

eo — vo(M) + 3750 (v; (M) — vj41(M)) 27

HSM(Z)Z (1_2)

Hence in the 1-dimensional Cohen-Macaulay case

for every i > 1.

In order to prove Theorems 2.4 and 2.5, it will be crucial to prove the following results in
dimension one.

Proposition 2.7. Let M be a good q-filtration of a module M of dimension one, let a be an
M-superficial element for q and N the (a)-adic filtration on M. Then

e1(M) — e1(N) < 3" A(My 41 /ab;).
Jj=0
If HO (M) C My, the equality holds if and only if M is Cohen-Macaulay.
Proof. We have ej (M**) = 37 M(M; ¢} /aM3*). Denote W = Hy (M), now

MM, JaM;®) = MM /aMj + Mj N W) < XMy /aM;)

and the result follows by (9). The equality holds if and only if M;1 N W C aM; for every j > 0.
If M is Cohen-Macaulay then e;(N) = 0 and the result follows by (11). Hence we prove now that
if W C M; and the equality holds, then W = 0. We know that M; 1 N W C aM; for every j > 0,
in particular M; NW =W C aM. Since W = 0 :37 a' for t > 0, it is easy to see that W C aW. In
fact if ¢ € W, then ¢ € a(0 :p; a'™) = aW. Hence by Nakayama W = 0, as wanted. O

Concerning the extension of Northcott’s result the crucial point will be the following:

Proposition 2.8. Let M = {M;};>¢ be a good q-filtration of a module M of dimension one and
let a be an M-superficial element for q. Then for every integer s > 1 and for every n > 0 we have

e1(M) — e1(N) = seo(M) — A(M/M,) 4+ N(M, + H2 (M)/M,) + \(M,, /a™*M,).
Proof. We have for every n > 0 the following equalities:
MM/M,) = HPj(n — 1) = eg(M)n — e1 (M)
MM/a"*M) = HPi(n—5—1) =eo(N)(n — s5) — e (N).
Since eg(M) = ep(N) , we get
e1(M) — e (N) = seg(M) — AM(M/M,,) + A(M/a""*M).
From the diagram
M D M,
U

U
a"*M D a" Mg

we get
e1(M) — e1(N) = seg(M) + A(M,,/a" " * M) — A(a™ " M/a"~° My).
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By using the exact sequence

0= (M, +0 a7 @™ /My) — M/M, “>" "~ *M/a"* M, — 0
and the equality 0 :ps a' = HO (M) for t >> 0, we get the conclusion. O

We omit here the complete proof of Theorems 2.4 and 2.5 since they are now easy consequences
of Propositions 2.7, 2.8 and (7).

If M is Cohen-Macaulay, then e;(N) = 0, hence the bound of Theorem 2.4 can be refined.
Hence, by the properties of the superficial elements we can prove the following result (see [38] for
more details) already proved by S. Huckaba and T. Marley for ideal filtrations.

Theorem 2.9. Let M = {M;};>0 be a good q-filtration of the Cohen-Macaulay module M of
dimension d > 1 and let J be an ideal generated by a mazimal sequence of M-superficial elements
for q. Then we have

er(M) <> v;(M)
Jj=0
The following conditions are equivalent
1. depth gry(M) > d — 1.
2. er(M) =350 v;(M).

e —, . vj —Vi41 P
5. HSyl(z) = <09 0<M>+2J5§Z;EM> s (M)

Consider M = A and M the m-adic filtration on A. If we do not assume A is Cohen-Macaulay,
surprisingly, the equality in Theorem 2.4 forces the ring A itself to be Cohen-Macaulay. By using
Proposition 2.7, Theorem 2.9 and ¢), e) among the properties of the superficial elements, we can
prove the following result.

Theorem 2.10. Let (A, m) be a local ring of dimension d > 1 and let J be the ideal generated by
a mazimal m-superficial sequence. The following conditions are equivalent:

1. el(m) - 61(J) = ZjZO vj(m).
2. A is Cohen-Macaulay and depth grm(A) > d — 1.

3 Applications to the Sally module and to the Fiber Cone

We show that the Fiber cone Fy,(q) and the Sally-module S;(q) of an m-primary ideal q fit into
suitable short exact sequences, together with algebras associated to filtrations. The aim of this
section is to take advantage of this for giving shorter proofs of selected results of the recent litera-
ture. We can study the Hilbert function and the depth of these algebras by using the knowledge
and the methods already developed in Section 2.

The Fiber Cone

Let (A, m) be a commutative local ring of dimension d and let q be an ideal of A. We define
the graded grq(A) = ®,,>09"/q" " -module

Fm(q) = EBnZan/mqn

which is called the Fiber cone of q. It coincides with gry(A) in the case ¢ = m.
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This graded object encodes several information on q. For instance, its dimension coincides with
the minimal number of generators of any minimal reduction of ¢, that is the analytic spread of g
and its Hilbert function controls the minimal number of generators of the powers of .

Usually the arithmetical properties of the Fiber cone and those of the associated graded ring
have been studied apparently with different approaches. The literature concerning the associated
graded rings is much more rich, but new and peculiar tecniques had been necessary in order to
study several problems on the Fiber cone.

Papers by T. Cortadellas and S. Zarzuela (see [7]) proved the existence of an exact sequence of the
homology of modified Koszul complexes, relating Fy, (q) with the associated graded modules to the
g-adic filtration and the g-good filtration

F:={mq"}: ADmDOmgOmg’>D...

But this idea has not been exploited so deeper. Starting from their work, G. Valla and myself have
developed this strategy.

First we prove some results concerning the depths of Fi(q), grq(A) and grr(A). Since the
involved objects are graded modules on grq(A), the depths are computed with respect to @ =
@n>0q"/q"

Proposition 3.1. We have the following homogeneous exact sequences of grq(A)-graded modules:
0= N— grq(A) — Fu(q) —0

0— Fn(q) = grr(A) — N(-1) =0
where N = @p>omM, /Mp+1. Let p be an integer, we have
1. depth Fi(q) > min{depth grq(A) + 1,depth grr(A)}
2. If min{depth grq(A), depth F(q)} > p, then depth grg(A) > p.
3. If min{depth grr(A), depth Fu(q)} > p, then depthgr,(A) > p — 1.

Proof. Tt is enough to remark that we have the exact sequences of the corresponding homogeneous
parts of degree n of the involved graded algebras. Then the information on depths comes from
“depth’s formula”. O

Several examples show that Fy,(q) can be Cohen-Macaualy even if grq(A) is not Cohen-
Macaulay and conversely. The above proposition clarifies the intermediate role of the graded
module associated to the filtration F.

It will be important to remind that, as we have seen, it is possible to find a superficial sequence
ai,...,a, in q which is both superficial for the g-adic filtration and F-superficial for q.

As a consequence of the above proposition, immediately we reprove several results which are
known in the literacture. The following result was already proved by K. Shah and by several other
authors by different methods. We give here a short proof.

Theorem 3.2. Let q be an ideal of a local ring (A, m) and let J be an ideal generated by a superficial
reqular sequence for q such that q> = Jq. Then Fy(q) is Cohen-Macaulay.

Proof. By using the assumption, we get that ¢"*' N J = Jq" and mq"™' N J = Jmq" for every
integer n. By Valabrega-Valla criterion it follows that the filtrations {q"} and {mq"} on A have
associated graded ring of depth at least u(J) =dim Fy,(q). The result follows now by Proposition
3.1. (L.). m

For every ideal q # 0, we may define the numerical function

HFg, (q)(n) == dimg(q" /mq") = p(q")
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which is the Hilbert function of Fi,(q). As usual we denote by HSp, (q)(2) its generating Hilbert
series.

We remark that, under the assumptions of Theorem 3.2, we can easily write the Hilbert series
of Fin(q) which is a standard graded k-algebra. In fact

1 1

HSp,q)(2) = WHSF.“m)/JFm(q)(z) “ 0= DM@/ TaT 4 mg)2!
i>0

Since g2 = Jq and \(q/J + mq) = u(q) — d, one has

HSp, ()(2) = W~

From now on assume that q is m-primary, then dim Fy,(q) = d = dim A. We recall that
HFp, (q)(n) is a polynomial function and the corresponding polynomial H Pg, (q)(X) has degree
d — 1. It is the Hilbert polynomial of Fi,(q) and, as usual, we can write

d—1 1
HPr,q)(X) =) (=1)'fi(q) (X ;_dl__l 1 1)

=0

The coefficients f;(q) are integers and they are called the Hilbert coefficients of Fy,(q). In particular
fo(q) is the multiplicity of the fiber cone. We remark that A.V. Jayanthan and J. Verma introduced
different coefficients for Fi,,(q) (called g;(q)), obtained by splitting the Hilbert polynomial of grgp(A)
with respect to a special basis. Similar results can be obtained in this case (see [38] for results
concerning the gs).

From the exact sequences, we can relate the Hilbert function of F,(q) with those of the asso-
ciated graded rings grq(A) and grr(A). Since eg(q) = eo(F), a computation shows that

fi-1(q) = ei(a) + ei—1(q) — ei(F) (12)

for every i =1,...,d.

It is clear now that the theory developed on the Hilbert coefficients of the graded module
associated to a good filtration on A can be applied to e;(q) and e;(IF) in order to get information,
through (12), on the coefficients of the Fiber cone of q. We present here a couple of results which
have been obtained in the literature by different methods. The following is an extension to modules
of a recent result by A. Corso (see [5]).

Theorem 3.3. Let q be an m-primary ideal of a local ring (A,m) of dimension d. Let J be the
ideal generated by a maximal superficial sequence for q, then

fo(a) < minfer(q) = eo(a) — er(J) + A(A/q) + p(a) —d+1,e1(a) — er(J) + 1}

Proof. Since fo(q) = eo(q) + e1(q) — e1 (F) by (12), it is enough to apply Theorem 2.5 to e (F) for
s=1,2.
O

If A is Cohen-Macaulay, then e;(J) = 0 because J is generated by a regular sequence and we
are able to control the extremal cases. By using our approach we can reprove the following result
by A. Corso, C. Polini and W. Vasconcelos (see [4]).
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Corollary 3.4. Let q an m-primary ideal of a local Cohen-Macaulay ring (A, m) of dimension d.
Then

foa) < ei(q) —eo(a) + A(A/q) + p(q) —d+ 1 <eiq) + L.

In particular

1. If fo(a)
addition, \(q?

2. If fo(a) =

Proof. The first inequality follows by Theorem 3.3. We prove now that e1(q) — eo(q) + A(4/q) +
v(q) —r+1<ei(q) + 1. Indeed, if J is an ideal generated by a maximal superficial sequence for
q, then eo(q) — A(A/q) —v(q) +r = A(q/J) — A(a/qm) + A(J/Jm) = A(q/Jm) — A(q/qm) > 0.

If fo(q) = e1(q) + 1, it turns out qm = Jm and hence the associated graded module to the
filtration F = {mq"} is Cohen-Macaulay by Valabrega-Valla criterion. Now g2 C mq = mJ C J,
then A(q?NJ/Jq) = A(q?/Jq) < 1. Hence by Corollary 1.7 in [35], it is known that depth grq(A4) >
d — 1 and 1. follows by Proposition 3.1.

Now, from the proof of Theorem 3.3, fo(q) = e1(q) — eo(q) + AM(A/q) + v(q) — r + 1 if and only
if e1(F) = 2e0(q) — 1 — A(A/mq + J) (equality in Northcott’s bound with s = 2) and hence, by a
result by J.Elias and G. Valla in [11] stated for filtration, grg(A) is Cohen-Macaulay. Because we
have a canonical injective map from Fi,(q) to grp(A) the result follows. O

=e1(q) + 1, then mq = mJ for every maximal superficial sequence J for q. If, in
NJ/Jq) <1 for some J, then depth grq(A) >r —1 and Fy(q) is Cohen-Macaulay.
e1(q)

—eo(q) + MA/q) + u(q) —r + 1, then Fi(q) is unmized.

Notice that the assumption A\(q? N J/Jq) < 1 is satisfied for instance if A is Gorenstein.

The Sally module

Given an m-primary ideal q in the local ring (A,m) and a minimal reduction J of q, W.
Vasconcelos introduced the so-called Sally module S;(q) of q with respect to J. It is a R(J) =
@;J*-module defined by the exact sequence

0 — qA[Jt] = qAlqt] = S;(0) = @p>19" /" = 0.
Assume q is m-primary, the Hilbert function of this graded module is
HFg,(q)(n) = XNq"*1/ "),

and its Hilbert series is HSg,(q)(2) = >_,51 A(¢"T!/J"q)z". We write €;(S;(q)) the corresponding
Hilbert coefficients. W. Vasconcelos and M. Vaz Pinto proved that if A is Cohen-Macaulay, then

eo(S5(a) < DA/ Ta7) (= v;(a))

j>1

and equality holds if and only if depth grq(A4) = &,>09" /9" > d — 1.

As an application of the results of Section 2., in this section we extend the above inequality
without assuming the Cohen-Macaulayness of A and we study the extremal case.

Let M be a good g-filtration of the A-module M of dimension d and let J be the ideal generated
by a maximal M-superficial sequence for q. We consider the filtration

E:=A2q92Jg2J%q2---2J"2...

which is a good J-filtration with the nice property that E, 11 = JE, for all n > 1. Then S;(q) is
related to grq(A) and grg(A) (graded A[Jt]-modules) by the following two short exact sequences:

0—J" Yq/J"q—q"/J"q—=q"/J" g =0
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0—q"t/J"q = q"/J"q — q"/q" T — 0.
Since q"/J" g = (S;(q)(—1))n, by standard facts it follows that

depth grq(A) > min{depth S;(q) — 1,depth grg(A)} (13)
Moreover we get HSg,(qy(-1)(2) + HSe(2) = HSy(2) + HSs,(q)(2) so that
(2 = 1)HSs,(q)(2) = HSq(2) — HSz(2) (14)

We deduce that dim S;(q) = d if and only if e;(q) > e1(E). If dimS;(q) = d, then for every
7 > 0 we have

| ei(S(a) = eini(a) — ein1(B) | (15)

Now, if we apply Theorem 2.5 with M = E and s = 1, we get

e1(E) —e1(J) = eoa) — A(A/a),
then
eo(Ss(a)) = ex(a) — e1(E) < ex(q) —ex(J) — eola) + A(A/q). (16)
Notice that the above inequality has been recently proved by A. Corso (see [5]) and it extends a
result proved by W. Vasconcelos in the Cohen-Macaulay case (e1(J) = 0).

In (16) we can bound e;(q) by Theorem 2.4 and we get
eo(S(a) < D v;(a) — eola) + A(A/q). (17)
>0
The equality holds if and only if

We prove the following result which completes Theorem 2.10.

Theorem 3.5. Let (A,m) be a local ring of dimension d > 1 and let J be an ideal generated by
a mazimal m-superficial sequence. If dim S;(m) = d, then eo(Ss(m)) < 37,54 vi(m) —eg(m) + 1.
Moreover the following conditions are equivalent: -

1. eo(Sy(m)) = ijo vj(m) —ep(m) + 1

2. ex(m) —e1(J) = ZjZO vj(m)

3. A is Cohen-Macaulay and depth gry(A) > d — 1.
Proof. In (17) the equality holds if and only if e1(q) — e1(J) = >_,5,v;(q). Hence, in the case of

the m-adic filtration on A, by Theorem 2.10, the equality is equivalent to have A Cohen-Macaulay
and depth grg(A) > d —1. O

The following result completes Theorem 3.5 in the case A is Cohen-Macaulay and it reproves
a series of results proved by M. Vaz Pinto in [52].

First we remark that if A is Cohen-Macaulay, then grg(A) is Cohen-Macaulay with minimal
multiplicity (E2 = JE;) and

i) = AT (o0 Az

In particular e;(E) = eg(q) — A(A/q).
By using (15), (13), (14) we get
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1. If dim S;(q) = d, then eg(S;(q)) = e1(q) — eo(q) + A(4/q)
2. depth grq(A) > depth S;(q) —
3. (2 = 1)HSg,(q)(2) = HSq(2) — )‘(A/CI)+((€0(CI));)\(A/CI))Z'

1—=z

We recall that 3. says in particular that the Hilbert function of the Sally module is not
decreasing.

The assumption dim S;(q) = d is equivalent to S;(q) # 0. In fact, we have that dim S;(q) = d if
and only if e1(q) > e1(E) = eo(q) — A(A/q). This is equivalent to q* # Jq and hence S;(q) # 0.

Remark 3.6. If q is an m-primary ideal of a a local Cohen-Macaulay ring (A, m) of dimension d,
the value of e;(q) strongly influences the structure of the Sally module. If e1(q) = eo(q) — A(4/q),
then S;(q) is the trivial module. The case e1(q) = eo(q) — A(A/q) + 1 is much more difficult.
S. Goto, K. Nishida, K. Ozeki proved that in this case S;(q) has a very nice structure (see [16],
Theorem 1.2) and, by using this surprising information and (14) we obtain

A(A/a) + (eo(a) = A(A/2) — )z + X0 H (-1 ()2
12

where ¢ = \(q%/Jq). Very recently S. Goto and K. Ozeki announced an extension of the above
result where the assumption A Cohen-Macaulay is relaxed (see [17]).

HSq(2) =

Theorem 3.7. Let (A,m) be a Cohen-Macaulay local ring of dimension d, q an m-primary ideal
and let J be an ideal generated by a mazimal superficial sequence for q. The following conditions
are equivalent :

1. eo(Ss(a)) = 22,51 v5(a)

27‘ 'Uj(q)zj
2' HSSJ((])(Z) = (211_72:){1

3. S;(q) is Cohen-Macaulay
and each of them is equivalent to the equivalent conditions of Theorem 2.9.
Proof. We have eg(S(q)) = e1(q) — eo(q) + A(A/q). Hence, by Theorem 2.9, we get
<Zvj —eo(q) + AM(A/q) = Zvj
3>0 j>1

By Theorem 2.9, the equality holds if and only if e;(q) = Zj>0 v;(q). Hence 1. is equivalent to
1., 2., 8. of Theorem 2.9. Because 1. is equivalent to B

AA/a) +37550(05(a) = vj41(a) 27!

HSqy(z) = (1= 2y

and we know that

15, (2) — MAL) o) — (A(A/0)=

(Zil)HSSJ(q)(Z) = (1—Z)d )

it is easy to see that 1. is also equivalent to 2. Now, since depth grq(A4) > depth S;(q) — 1, we
get that 3. implies depth gry(A) > d — 1 which is equivalent to 1.

We have only to prove that 2. implies 3. We may assume S;(q) of dimension d and recall
that S;(q) is a R(J) = A[JT]-module and we have S;(q)/JTS;(q) = ®p>19"/Jq". By 2. we
deduce that HSg,q)(2) = ﬁHSSJ(q)/JTSJ(q)(z). Then JT is generated by a regular sequence

of lenght d =dimS;(q) and hence S;(q) is Cohen-Macaulay. O
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4 Minimal free resolution of a module over a regular local
ring

Let (R,n) be a regular local ring with infinite residue field k. Let I be an ideal of R and consider
the local ring A = R/I with maximal ideal m =n/I.

The aim of this section is to give information on the Betti numbers of A as R-module. If J is
an homogeneous ideal in a polynomial ring P, the Hilbert function of P/J can be computed from
the graded Betti numbers of a minimal P-free resolution of P/J. In the local setting we are dealing
with total Betti numbers of A and the numerical invariants of a R-free resolution does not seem
related to the Hilbert function. We will see that relevant information can be deduced from the free
resolution of the corresponding associated graded ring grm(4) = @¢>em’/m!*1. For more details
on this section we refer to [39].

If dimR = n, then the associated graded ring gr,(R) with respect to the n-adic filtration is the
polynomial ring P = k[z1,...,2,]. If z is a non-zero element of R, we denote by x* (or gr,(z))
the initial form of z in P. If x = 0, then z* = 0. We recall that

grm(A) = @isom’/mt = gr (R)/T* = P/I*.
where I* is the homogeneous ideal generated by the initial forms of the elements of I.

Problem: Compare the numerical invariants of the R-free minimal resolution of A with those of
the P-free minimal graded resolution of gry,(A4) :

0_>R6h(1) _>Rﬁh71(1) _>_>Rﬁo(1)_>l_>0

0— PP o phaa’) oo pPUT) x4

The following example shows the difficulty of the problem.
Example 4.1. (see [19]) Consider I = (2® — y", 2%y — a2t — 2%) in R = k[[z,v, 2,t]]. Since I is a

complete intersection, then a minimal free resolution of I is given by: 0 — R — R%2 — I — 0. But

we can verify that I* = (23, 2%y, 223, 218, 2225, 2¢° — 2253, 29843, 9y7t?), hence u(I*) = 8 and a

minimal free resolution of I* is given by
0P =P P2 P8 5120
In particular depth A = 2 and depth gry(A4) = 0.
Example 4.2. The Betti numbers of A and those of gry(A) do not necessarily coincide even if

w(I) = pu(I*) and depth A = depth gry(A). This is the case if we consider A = k[[t19, 26, ¢34 #40]].

The problem can be presented in the case of a filtered R-module M. Let M be a good n-filtration
and consider the associated graded module gry(M) := ®p>0M,, /Myq1. It is a gro(R) = P-module
and we are interested to compare a minimal R-free resolution of M with a minimal P-free resolution
of gry(M), in particular we want to compare the Betti numbers ; (M), the homological dimension
hdr(M) and the depth of M with those of gry(M)).

We shall prove
o Bi(M) < Bi(gru(M))
o hdr(M) < hdp(gru(M))

e depth M >depth (grm(M))
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Definition. A filtered module M is said to be of homogeneous type with respect to the filtration
M if

Bi(grm(M)) = B;(M) for every i >0
We say that M is of homogeneous type if M is of homogeneous type with respect to the n-adic
filtration.

We give the following examples of modules of homogeneous type

e Let I be an ideal of R generated by a super-regular sequence. Then both A = R/I and I
are of homogeneous type (see [19]).

e Let I be an ideal of the regular ring (R, n) such that A = R/I is Cohen-Macaulay of minimal
multiplicity. Then [ is of homogeneous type.

e Let I be an ideal of the regular ring (R,n) 2-generated, then I is of homogeneous type (see
[19])

e Let I be an ideal of the regular ring (R, n) such that u(I) = u(I*) and I* is a componentwise
linear ideal. Then A = R/I is of homogeneous type (see [39]).

e Let I be a Koszul module, then [ is of homogeneous type (see [HI]).

If m € M\ {0}, we denote by vy(m) the largest integer p such that m € M, (the so-called
valuation of m with respect to M) and we denote by m* or gry(m) the residue class of m in
M, /M1 where p = vy(m) and call it the initial form of m with respect to M. If m = 0, we set
m(m) = +oo. We will write v, (m) if we denote the valuation with respect to the n-adic filtration.

We recall that if N is a submodule of M, then gry(N) is generated by the elements z* with
r € N, we write

grm(N)=<z" : z€ N >.

Given a filtered module M, we recall that an element g € M is a lifting of an element h € gry (M)
if g* = h. The morphism of filtered modules f : M — N ( f(M,) C N, for every p) clearly induces
a morphism of graded gr,(R)-modules

gr(f) : grm(M) — grn(N).

It is clear that gr(j is a functor from the category of filtered R-modules into the category of the
graded gry(R)-modules. Furthermore, we have a canonical embedding gry(Kerf) — Ker(gr(f)),
but gr(j in general is not exact. We will give a characterization of the exactness in the case of
a complex of free R-modules. Let F' = @®;_; Re; be a free R-module of rank s and vy,...,vs be
integers. We define the filtration F = {F), : p € Z} on F as follows

Fp:=®;_n e, ={(a1,...,as) :a; € PV}

From now on we denote the filtered free R-module F' by @?_, R(—v;) and we call it special filtration
on F. If (F.,d.) is a complex of finitely generated free R-modules, a special filtration on F. is a
special filtration on each F; that makes (F.,d.) a filtered complex (complex of filtered modules).

Let M be a filtered R-module finitely generated and let S = {f1, ..., fs} be a system of elements
of M and my(f;) be the corresponding valuations. As before let F' = @7_; Re; be a free R-module
of rank s equipped with the filtration F where v; = vy (f;). Then we denote the filtered free R-
module F by @®;_; R(—vm(f;)), hence vr(e;) = vm(fi). Let ¢ : F — M be a morphism of filtered
R-modules defined by

o(e;) = fi-
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If we denote by Syz(S) the submodule of L generated by the first syzygies of fi,..., fs, then
Syz(S) =Ker¢. The following diagram can help to visualize the characterization of the standard
bases which will follow.

0 —— Syz(S) = Ker(¢) —— F =& R(—vu(f)) oM

e — fi

T Lygrr Lgrm

0 —— Sya((ffs o £2)) = Ker(gr() —— @5 P(—malf)) 22 gru(M)

ei — fi

Definition 4.3. Let M be a filtered module. A subset S = {f1,..,fs} of M is called a standard
basis of M if grag(M) = (f5, ..., fX).
By following the initial idea of L. Robbiano and G. Valla, recently T. Shibuta (see [45]) char-

acterized the standard bases of a filtered module as follows:

Theorem 4.4. Let M be a filtered R-module, f1,...,fs € M and S ={f1,..., fs}. The following
facts are equivalent:

1. {f1,..., fs} is a standard basis of M.

2. {f1,..., fs} generates M and every element of Syz({fy, ..., fX)) can be lifted to an element
in Syz(S).

3. {f1,-.-, fs} generates M and Syz({fy, ..., f¥)) = grr(Syz(S5)).

Theorem 4.5. Let M be a filtered R-module and (G.,d.) a P-free graded resolution of gryi(M).
Then we can build up an R-free resolution (F.,0.) of M and a special filtration F on it such that
grr(F.) = G..

We recall that (F.,d.) is defined by an inductive process. Let us present the inductive steps
because the construction will be useful in the following (for more detail we refer to [39]). Starting
from (G.,d.), denote by {eg;} a basis of Go. We put g; = do(€o;) € grm(M) and let f; € M be
such that gry(f;) = ¢;- Then ag; = vm(f;). We define the R-free module Fy of rank Sy with the
induced special filtration Fy on R0

Fy= @?ﬂlR(—aoz‘)

Denote by {eg; } a basis of Fy and define §g : Fy — M such that dg(eq;) = f;. Since dy is surjective,

the f;’s generate a standard basis of M, Ker(dy) = gry, (Ker(dp)) and Fy % M — 0 is exact. We
can repeat the same procedure on the successive j-steps (j > 0) of the resolution of gry(M).

It is worth to remark that if we start from a minimal free resolution of gry (M), then the built up
R—free resolution of M, is not necessary minimal. It is minimal if and only if 8;(M) = 5;(grm(M)).

Let N be a finitely generated graded module over the polynomial ring P. We consider

. d .
Gj =@, P(—a;) = Gj1 = &7 P(=a; 1),
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a part of a minimal free resolution (G.,d.) of N withaj; <--- <ajs, anda;_13 <---<aj 15, ,.
Let 1 <s<Bjand 1 <r <31 and set

Urs = Ajs — Qj—1,r,

then the matrix U; = (u,s) is called the j-th degree-matriz of N. We say that U; is non-negative if
all the entries of U; are non-negative. We remark that the matrices U; are univocally determined
by the graded P-module N. Denote by pd(NN) the projective dimension of N as a P-module.

Proposition 4.6. With the above notations, let (F.,0.) be a free resolution of M coming from
a graded minimal free resolution (G.,d.) of grm(M). If the degree-matrices U; of grm(M) are
non-negative for every j < pd(grm(M)), then (F.,d.) is minimal.

The converse of Proposition 4.6 is not true. For example consider the local ring A = k[[t?, 17 ¢19,#39]]
with the m-adic filtration where m is the maximal ideal of A. One can check that the degree matri-
ces of gr,, (A) have negative entries but the resolution of A coming from the minimal free resolution
of gr,,(A) is minimal.

Example 4.7. Consider A = k[[t19,¢%6 34, #40]] ~ R/I where I C R = k[[z,y, 2]]. As we have
already seen in Example 4.2, in this case pu(I) = p(I*). Since both A and gry(A) are Cohen-
Macaulay, they have the same homological dimension, nevertheless the minimal resolutions have
different Betti numbers. The corresponding minimal free resolutions have the following numerical
invariants:

0>R—-R >R 5R—-A-0
0 — P(—5) @ P(—8) — P3(—4) @ P*(=5) @ P(—6) — P?(=3) = P — grn(A) — 0

This means that if we build the R-free resolution of A starting from a P-free minimal resolution of
9grm(A), it is not minimal. Accordingly with Proposition 4.6 we notice that the last homogeneous
map in the resolution of gry,(A), has degree matrix with an element of negative degree 5 —6 = —1.

Example 4.8. Let I be an ideal of the regular ring (R, n) such that A = R/I is C-M. Assume

_ 1+ hyz + ho2?

HSA(Z) (1—Z)d

where hi,he € Z and d = dim A. Then A is of homogeneous type.

J. Elias and G. Valla proved that in this case g¢rm(A) ~ P/I* (where m = n/I) is C-M (see
[11]). Hence we can compute the Betti numbers of gry(A) from those of the Artinian reduction
which has Hilbert series 1 + hqiz + hoz2. It is easy to see that the degree matrices (hy # 0) are
non negative. In fact

2
2

O Ol =
O Ol =
NN

1
Hence if we build up the free resolution (F.,d.) of I all the entries of M, belong to n.

5 Consecutive cancellations in Betti numbers of local rings

If I is a homogeneous ideal in a polynomial ring P over a field, by Macaulay’s Theorem, there
exists a lexicographic ideal L = Lex(I) with the same Hilbert function as I. A result of Bigatti,
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Hulett and Pardue says that the graded Betti numbers 3;;(P/L) are greater than or equal to
the corresponding graded Betti numbers 3;;(P/I). Peeva (see [29]) proved that the graded Betti
numbers f;;(P/I) can be obtained from the graded Betti numbers §;;(P/L) by a sequence of
zero consecutive cancellations, that is cancellations in the graded Betti numbers of consecutive
homological degrees corresponding to the same shift.

As application of Section 4, the aim of this section we shall present an extension of Peeva’s
result to the local case.
Because the Hilbert function of the local ring A = R/I is the Hilbert function of the associated
graded ring grm(A4) = @;>em?’/m'*! where m = n/I, to any ideal I corresponds the unique
lexicographic ideal L = Lex(I) such that P/L has the same Hilbert function as gry,(A). It will
be enough to enlarge the allowed cancellations on the resolution of L = Lex(I) for getting a
resolution of a local ring R/I. Because we can pass from the resolution of L to the resolution of
grm(A) = P/I* by using Peeva’s result, the crucial point will be to describe the second step: the
possible cancellations from a resolution of gry(A) to a resolution of A.

This connection between the graded perspective and the local one is a new viewpoint and we
hope it will be useful for studying the numerical invariants of local rings. We will see interesting
applications.

Most of the results are given in the more general setting of the filtrations on a module M over
a regular local ring (R,n). The results that I shall present here are containing in the paper [40].
We present the following definition which is a suitable adaptation of Peeva’s definition.

Given a sequence of numbers {¢;} such that ¢; = ZjeN cij, we obtain a new sequence by
a consecutive cancellation as follows: fix an index 4, and choose j and j' such that ;7 < 7' and
cij, ci—1,50 > 0; then replace ¢;; by ¢;; — 1 and ¢;—1 j» by ¢;—1 5 — 1, and accordingly, replace in the
sequence ¢; by ¢; —1 and ¢;_1 by ¢;_1 — 1. If j < 5/ we call it an ¢ negative consecutive cancellation
and if j = j' an 7 zero consecutive cancellation.

A sequence of consecutive cancellations will mean a finite number of consecutive cancellations
performed on a given sequence.

Let N be a homogeneous P-module with P- free graded resolution given by:
di_
G.:0— @Z’Z()P’Blj(—j) g @Z’Z()P’el*l'j (—j) 5 g @izopﬁoj(—j).

According to the above definition, we will say that the sequence of the Betti numbers {§; =
ZjeN Bij} of N admits an i negative consecutive cancellation (resp. i zero consecutive cancella-
tion) if there exist integers j < j’ (resp. j = j') such that 5;;, 8;i—1,; > 0.

For example - - - — P(—3) & P(—5) & P(—6) — P?(—2) & P?(—5) — ... admits a zero cancel-
lation (P(—5), P(—5)) and a negative cancellation (P(—3), P(—5)).

Notice that an ¢ negative consecutive cancellation in a graded free resolution of N corresponds
to a negative entry i-th degree-matrix of N.

Combining Theorem 4.5 and Proposition 4.6, we present the following result.

Theorem 5.1. Let (R,n) be a regular local ring and let M be a filtered R-module. Then the Betti
numbers of M as R-module can be obtained from the sequence of the Betti numbers of gry(M) as
P-module by a sequence of negative consecutive cancellations.

The crucial point of the above result is Proposition 4.6. We will sketch here the proof.

Let (G.,d.) be the minimal free resolution of gru (M) and {8; = ;. Bi;} the corresponding
sequence of the Betti numbers. By Theorem 4.5, we build up a free resolution (F.,d.) of M as
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R-module from (G.,d.). If (F.,4.) is not minimal, then, for some integer 7, the matrix of the i-th
differential map J;
Fi=RF % F_y = RV
has an invertible entry. By Proposition 4.6, the i-th degree-matrix U; = (u,s) of gry(M) has a
negative entry. This means that the sequence {8; = >_,cn Bi;} admits an i negative consecutive
cancellation.
Then we apply to the resolution (F.,d.) a standard procedure (see for example [8]). After a

suitable change of the basis of F;_1, the matrices of differential maps in the resolution of M change
just for §; and 6;_;. Actually we may define a trivial subcomplex of (F.,d.)

H.: O—>-~-—>O—>RE>R—>O—>~-~—>O,
N———— N————
l—i+1 i

where [ is the length of (F.,d.), embedded in F. in such a way that F. = F./H. is again a free
resolution of M which corresponds to cancel a copy of R in F; and F;_;. It is easy to see that
the eventually remaining invertible entries of the matrices of differential maps of new resolution
still correspond to negative entries of degree matrices of gry (M) out of the row and column of the

previous entry of negative degree. We can repeat the procedure on F. until to reach a minimal
free resolution of M.

We present the following examples in order to help the reader to visualize better the procedure.

19426 ¢34 #40]]. Starting from the

Example 5.2. We consider again Example 4.7, i.e. A = k]|
minimal P-free resolution of gry(A) :

0 — P(—5) @ P(—8) — P3(—4) @ P*(=5) @ P(—6) — P?(=3) = P — grn(A) — 0
we get the resolution
0R—-R =R -R—>A=0
of A by deleting P(—5) and P(—6).

Example 5.3. Let I = (2% + zy3, 2y + 23, 22% — ay* + y?2%) be in R = K][[z,y, 2]] and consider
A = R/I with the maximal ideal m = n/I. Then gr,(A) = P/I* where P = k[z,y,z] and I*
is the ideal generated by the initial forms of the elements of I. An easy computation shows that
I* = (2%, 2y, 223, y? 2%, —2%,y523) and the minimal free resolution of gr,, (A) is as follows

G.: 0 — P(—6)® P(-9) @ P(~11) = P(=3) @ P*(=5) ® P*(-7) ® P(-8) ® P*(~10)
— P?*(=2)® P(—4) ® P*(—6)® P(—9) —» P

Since P(—11) does not admit cancellations (11 — ag; > 0), thus depth(A) = depth(gr,(A)) = 0.
The minimal free resolution (F.,d.) of A

0R—>R>R>R

is obtained from the resolution of gry(A) after the following 5 negative consecutive cancella-
tions on (F3, Fy, Fy) corresponding to (P(—6), P(—7),0), (P(—9), P(—10),0), (0, P(—3), P(—4)),
(0,P(—5),P(—6))7 (O7P(_8)7P(_9))

It should be noted that there are many examples where the existence of possible consecutive
cancellations does not imply the existence of an ideal for which those cancellations are realized.

Example 5.4. Let I be an ideal in the regular local ring (R,n) such that A = R/I is Artinian
with Hilbert function {(1,5,1,1,1)} and R/n has characteristic 0. Elias and Valla (see [11]) have
proved that the number of the isomorphism classes of the Artinian local rings with this Hilbert
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function is 5. They have different Betti numbers because they correspond to the different values
of the Cohen-Macaulay type 1 < 7 < 5. Up to isomorphism, all of them have the same associated
graded ring grg(A) = P/I* where

. 5 2 2 2 2
I = (27, 2122, T173, T1 T4, T1T5, T, T2T3, TaTy, T2T5, T3, T3T4, T3T5, T, T4T5, T5)
in P = k[xy,...,2s5]. Hence the minimal free resolution of gry(A) is

G.:0— P*(—6) @ P(-9) — P*(=5) ® P*(-8) — P*(—4) ® P%(-7)
— P3%(=3) ® P*(—6) — P (-2) ® P(-5) — P.
By Theorem 5.1 and by Elias and Valla’s result, we know that only 5 diagrams of negative con-

secutive cancellations can be realized, but the resolution of gry(A) admits a larger number of
sequences of negative consecutive cancellations.

Next example shows that we may take advantage of the generality of Theorem 5.1 by detecting
the problem by using the more advantageous filtration.

Example 5.5. Consider the ideal I = (2%y®, 2y2°—2°,9°2%) in R = K[[x,y, z]]. We have grn(A) =

P/I* where I* = (22y5, 2y25,y525,y22°, 43212 y221% y2'8 22) in P = K|x,v,2]. The minimal

graded free resolution of I* as P-module is

G.:0— P(=15) @ P(-17) @ P(-19) @ P(—21) — P(—12) ® P(—13) @ P?*(-14)
DP?(—16) @ P*(—18) ® P?(—20) @ P(—22) — P(~7) @ P(-8) @ P(—11) ® P(—13)
GP(—15) ® P(—17) & P(—19) & P(—21)

We can prove that
gra(I) = P ® P/(2*y°) © P/(2?, xy, x23, 2°)
where n = (z,y, z). Hence the minimal free resolution of gr,(I) is
G.: 0 P(—6) B8 P(=3) @ P2(—5) & P(—7) B8 P2(-2) & P(-4) & P(-6) & P(-7) & P?

which is easier to handle. By using the procedure of Theorem 5.1, in particular after per-
forming the negative consecutive cancelations on (F3, Fy, Fy) corresponding to (P(—6), P(=7),0),
(0, P(—5), P(=T)), (0, P(—5), P(—6)), (0, P(—3), P(—4)) we get the minimal free resolution of I:

0 RZS RS T—0.

Combining Peeva’s result with Theorem 5.1, we immediately get the following theorem.

Theorem 5.6. Let I be an ideal of the local regular ring (R,n). The Betti numbers of R/I can
be obtained from the Betti numbers of P/Lex(I) by a sequence of negative and zero consecutive
cancellations.

We give now some possible applications.

In the following p( ) will denote the minimal number of generators. Next corollary extends to
the local case a recent result by Hibi and Murai in [21].

Corollary 5.7. Let I C n? be a non-zero ideal of the local regular ring (R,n) of dimension n.
Assume p(Lex(I)) < n, then

1. dim(R/I)=n—1.
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2. depth(R/I) = depth(P/I*) = depth(P/Lex(I)) = n — u(Lex(I)).
3. u(Lex(I)) = pd(R/I).
4. Bu(R/I) = Br(P/I") = Bn(P/Lex(I)) = 1 where h = pd(R/T).

As we have announced in Section 1., we get partial information on the possible Hilbert function
of an Artinian Gorenstein local ring.

Corollary 5.8. Let {(1,n,ha,...,ht,1,...,1,0,0,...)} be the h-vector of an Artinian Gorenstein
local ring A = R/I. Then hy < n.

We give evidence of the above result by the following example.

Example 5.9. We show that {(1,3,4,4,1,1,1)} cannot be the h—vector of any Artinian Goren-
stein local ring A = K[[z,y, 2]]/I. In fact L = Lex(I) should be

L = (anxyaxzza352'2733?42’94’932’92227?/237Z7)~
The minimal free resolution of P/L is:
G:0 — P(=5)® P3(—6)® P(-9) = P(—3) @ P*(—4) ® P"(-5) @ P?(-8) —
P*(—2)® P(-3) @ P*(—4) & P(-7) = P

However, if we consider any sequence of zero and negative consecutive cancellations, we get 55(A) >
2 which contradicts the assumption that A is Gorenstein.

Another easy consequence of Theorem 5.6 is a result stated by Macaulay, later proved by
Briancon and Tarrobino with different methods and very technical devices.

Corollary 5.10. Let HF = {(1,2,...,d, hq, ..., hs,0,...,0)} be the Hilbert function of an Artinian
Gorenstein local ring A = R/I, then for every j >0, |h; —h;j_1| < 1.

The key of the above result is the following. For every j > 0 define
ej = [hj = hj-1]

and let d be the initial degree of the ideal I. It is easy to see that the minimal number of generators
of degree d of the corresponding lexicographic ideal L is eq+ 1 and, for j > d, the minimal number
of generators of degree j of L is e;j. Notice that ) .., e; = d. The minimal free resolution of P/L
is given by 0 —» Fy - F; - P — P/L — 0 where F, and F; have respectively rank d and d + 1.
In particular,

F2 - @jzoped+j(—d —j - 1) and Fl = P€d+1(_d) EBJ‘Z]_ ped+i (—d - j)
Since f2(A) = 1, by looking the admissible cancellations, we may easily conclude.

It should be noted that in codimension two (not necessarily Gorenstein) for all consecutive zero
or negative cancellation, there exists an ideal for which those cancellations are realized. We show
this by the following example.

Example 5.11. Let HF = {(1,2,3,4,3,3,3,2,2,1,0,...,0)}, then L = (z* 23y, 2%y, 2%, y'°).
The minimal free resolution of P/L is

0 — P(—5) @ P(—8) ® P(—10) @ P(—11) — P?(—4) ® P(~7) ® P(-9) @ P(-10) — P
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The resolution admits two negative cancellations: (P(—5), P(=7)),(P(—8), P(—9)) and the zero
cancellation (P(—10), P(—10)). The sequence obtained by the zero and negative cancellations 0 —
R — R? - R can be realized. It is enough to modify the matrix of L by putting 1 in the positions
corresponding to the cancellations. The ideal I is generated by the maximal minors of the following
matrix

Y 0 0 0
-z y* 0 0
1 -z ¥ 0

[V

0 1 -z y

We have I = (z* — 2%y? — 22y3 — 2%y* + 9, 23y — 29> — 29*) and L = Lex(I). Furthermore, the
minimal free resolution of P/I* is obtained by performing the only zero cancellation:

0 — P(—5) @ P(—8) @ P(—11) — P*(—4) @ P(-7) @& P(-9) —» P

and I* = (z* — 2%y?, 23y — 293, 2%9y® — y7, xy®) is given by the maximal minors of the matrix

Y 0 0 0
-z y* 0 0
0 -z ¥ 0
0 0 —x 1?2
0 0 1 —z
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